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follow from the supersymmetry variations. We make explicit some results which also follow
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1. Introduction
Starting with the analysis of heterotic string compactifications [1, 2], it has been known that
the conditions for unbroken supersymmetry, that is, the vanishing of the supersymmetry
variations of the supergravity fermions, are often much easier to solve than the equations
of motion. Indeed, there are many recent examples in which the supersymmetry variations
have been used to find interesting supergravity duals of gauge theories.1 Therefore, and
also because classically supersymmetric compactifications are important candidates for the
vacuum of string theory, a systematic analysis of the supersymmetry conditions is of great
intrinsic interest.
Such an analysis has been carried out for M-theory, 11 dimensional supergravity,
(and by extension type IIA 10 dimensional supergravity) over the past decade, beginning
with [3]–[5]. Very great progress has been made recently by understanding the importance
of the structure group in supersymmetry; analysis of M-theory solutions can be found
in [6]–[17].
The situation in type IIB supergravity has until recently focused much more on spe-
cific solutions and particularly simple classes of solutions. Of great importance have been
the type B solutions, which have a warped Calabi-Yau geometry, imaginary self-dual and
primitive 3-forms, and a 5-form determined by the warp factor; the supersymmetry condi-
tions in these solutions were studied in [18]–[21]. Compactified type B solutions have been
1There is a very large literature of examples, and it is beyond the scope of this paper to list them all.
We will cite some specific examples as they come up.
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studied extensively; see [22] for a review. There is also a class, type A, of solutions dual
to the heterotic solutions of [2], which have been analyzed in the group structure language
for all supergravities in [23]. (Some compactified type A (and S-dual) solutions in type
IIB string theory are discussed in [24, 25]; we do not discuss the widely studied heterotic
compactifications here.) Then [26] discussed a more general class of solutions which in-
terpolate between the type B class and the S-dual of the type A solutions, which include
D5-brane solutions. Recently,2 [27] presented an analysis of SU(2) structures in type IIB
supergravity; this class of solutions includes type A and B solutions as well as particular
solutions corresponding to polarized 5-branes [28, 29]. This paper will report the conditions
required for SU(3) structures in IIB supergravity, assuming a four dimensional Poincare´
invariance. Although SU(3) structures are a subset of SU(2) structures, the constraints
relating different fields degenerate for a pure SU(3) structure, so it is useful to have a direct
analysis (the precise nature of the degeneration is explained in [26] and will be discussed
in section 3). (Note that SU(3) structures in type IIB supergravity have appeared before
in studies of mirror symmetry [30].)
We begin in section 2 by giving the supersymmetry variations in string frame and then
converting them to relations among the bosonic fields and SU(3) structure. We present
those relations in 2.3 after showing in section 2.2 that the complex structure is integrable,
and we make a few general comments in 2.4. In section 3, we integrate the scalar relations
in the case that all scalars depend only on one coordinate, such as a radius. These results
could be helpful for finding supergravity duals of renormalization group flows. Finally, in
section 4, we use our results to derive the supergravity solution for a bound state of a
(p, q)5-brane and D3-branes.
2. Constraints from SU(3) Structure
The fermion supersymmetry variations for ten dimensional IIB supergravity are given
in [31, 32]. We use the modern string theory conventions, in which the variations are [33, 34]
δλ =
1
2
(
∂Mφ− ieφ∂MC
)
ΓMε+
1
24
(
ieφF˜ −H
)
MNP
ΓMNP ε∗ (2.1)
δψM =
(
∇M + i
8
eφ∂NC Γ
NΓM +
i
16 · 5!e
φF˜NPQRSΓ
NPQRSΓM
)
ε−
−
(
1
8
HMNPΓ
NP +
i
48
eφF˜NPQΓ
NPQΓM
)
ε∗ . (2.2)
The supersymmetry parameter ε is a 10D Weyl spinor of positive chirality; the rest of the
conventions are explained in A.
Since we are working in a vacuum with 4D Poincare´ invariance, the most general ansatz
we can take is
ds2 = e2Aηµνdx
µdxν + gmndx
mdxn
F˜µνλρm = e
−4A²µνλρ∂mh . (2.3)
2In fact, this paper was in preparation when the results of [27] appeared.
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All other form components and all field dependences are in the internal directions. We
include the factor e−4A in the 5-form so that F˜µνλρm is an external derivative. Field
strengths without tildes are just external derivatives, while tildes denote the addition of
Chern-Simons terms. The only definition of importance to us is F˜3 = F3 − CH3, as the
5-form is given through its self-duality.
2.1 Normalization
In this subsection and the following one, we will emphasize two points which were not
stated explicitly in [27]. The first point regards the normalization of the spinors. If we
start by taking
ε = eA/2 (ζ ⊗ χ+ + ζ∗ ⊗ χ−) , (2.4)
where ζ is a 4D Weyl spinor of positive chirality and χ± are 6D Weyl spinors of respective
chirality, the internal and external gravitino variations (2.2) combine to give[
∇m + i
4
eφ∂mC − 1
2
∂nAγm
n +
1
4
eφ−4A∂nhγm
n
]
χ+ − 1
8
(
H + ieφF˜
)
mnp
γnpχ∗− = 0[
∇m + i
4
eφ∂mC − 1
2
∂nAγm
n − 1
4
eφ−4A∂nhγm
n
]
χ− − 1
8
(
H + ieφF˜
)
mnp
γnpχ∗+ = 0 . (2.5)
We can immediately see that
∇m
(
χ†+χ+ + χ
†
−χ−
)
=
1
8
(
H + ieφF˜
)
mnp
(
χ†+γ
npχ∗− + χ
†
−γ
npχ∗+
)
−
− 1
8
(
H − ieφF˜
)
mnp
(
χT−γ
npχ+ + χ
T
+γ
npχ−
)
. (2.6)
This vanishes by the symmetry properties of the γm matrices. We easily see, therefore,
that the SU(2) structure spinors of [27] (in the notation of that paper) satisfy
e−A
(|a|2 + |b|2 + |c|2) = constant ≡ 1 . (2.7)
(The warp factor must be included because [27] does not scale the spinor by an overal
power of the warp factor.)
In an SU(3) structure, there is only one linearly independent 6D spinor, which cor-
responds to c → 0 in the SU(2) structure notation of [27]. We can therefore write our
supersymmetry parameters as
ε = eA/2
(
cos(α/2)eiβ/2ζ ⊗ χ+ sin(α/2)eiβ/2ζ∗ ⊗ χ∗
)
(2.8)
with χ a positive chirality 6D spinor with χ†χ = 1.
A number of recent papers [35, 28, 36, 29] have used an “algebraic spinor” approach to
derive supergravity duals to renormalization group flows. In this approach, the spinors are
specified by projector equations; the projector corresponding to (2.8) (that is, such that
Pε = ε) is
P =
1
2
[
1 + cosαγ(6ˆ) + sinαe
iβ∗
]
, (2.9)
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where γ(6ˆ) is the six dimensional chirality (alternately, the four dimensional chirality can
be used) and ∗ is the complex conjugation operator. Additional projectors are necessary
to reduce the number of supersymmetries to N = 1; these simply align the spins of χ (see
the final paragraph of 2.2).
2.2 Complex structure integrability
The other point which we wish to make explicit concerns the integrability of the almost
complex structure (ACS). Any SU(3) structure has an almost complex structure tensor
as well as a (3, 0) form defined with respect to that ACS; these forms give an alternate
definition of the SU(3) structure in 6D. Defining the ACS
Jm
n = −iχ†γmnχ , (2.10)
Fierz identities (see appendix A) show that it indeed squares to −1. See, for example, [23]
for a nice review of different group structures in different dimensions.
The ACS is integrable if the Nijenhuis tensor Nmn
p = Jm
q∇[qJn]p − Jnq∇[qJm]p van-
ishes. From (2.5), we find
∇mJnp = −
(
∂qA− 1
2
cosαeφ−4A∂qh
)
(gmnJ
pq − δpmJnq + δnqJmp − gpqJmn) +
+
1
2
Tmn
rJr
p − 1
2
Tmr
pJn
r , (2.11)
Tmnp ≡ sinα
(
cos βH + sinβeφF˜
)
mnp
. (2.12)
The flux tensor T acts like a torsion in the connection, and the other terms in ∇J are
similar to those generated in a connection by rescaling the metric. In fact, it is a short
calculation to see that the terms with A and h contribute nothing to the Nijenhuis tensor;
the only contribution is from the torsion.
However, one linear combination of equations that result from the dilatino varia-
tion (2.1) is
1
12
Tmnpγ
mnpχ =
=
[
(cos(2β) + i cosα sin(2β)) ∂mφ+ (sin(2β) − i cosα cos(2β)) eφ∂mC
]
γmχ .
Once we have equation (2.13), [2] shows that the torsion contributes nothing to the Nijen-
huis tensor. Therefore, for an SU(3) structure, the complex structure is always integrable!
In fact, this follows from equation (3.33) in [27]; this is a more explicit statement and proof.
(This proof also ties up a loose end in [26].)
With an integrable complex structure, there is a holomorphic atlas, so we can write
the defining relation for a Hermitean metric Ji¯ = igi¯ in the complex coordinates. This,
along with (2.10), implies that γiχ = γ
ı¯χ = 0.
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2.3 Relations among supergravity fields and geometry
The vanishing of the fermion variations (2.1), (2.2) implies a number of constraints on the
supergravity fields and the SU(3) structure of the manifold. Here, we briefly report those
constraints, which are a special case of those reported in [27] for SU(2) structures. We write
these constraints directly in terms of the supergravity fields, rather than decomposing the
fields according to the SU(3) structure.
There are four independent equations relating the scalars α, β, A, h, φ, and C. These
relations, in the complex coordinates defined by J , are
b1∂A+
1
4
a1
(
ieφ∂C − eφ−4A∂h
)
= 0
a1∂A− 1
2
a1∂φ− 1
4
b1
(
ieφ∂C + eφ−4A∂h
)
= 0
1
2
sin(2α)∂α − cosα
(
a2∂φ+ ib2e
φ∂C
)
= 0
sin2 α
(
∂β +
1
2
eφ∂C +
i
2
eφ−4A∂h
)
+ cosα
(
ib2∂φ− a2eφ∂C
)
= 0 , (2.13)
where
a1 = cosα cos β − i sinβ , b1 = cos β − i cosα sinβ
a2 = cosα cos(2β) − i sin(2β) , b2 = cos(2β) − i cosα sin(2β) . (2.14)
In the third equation of (2.13), we have left in the overall factor of cosα to demonstrate
how the relations can degenerate at loci in the space of spinors. Finally, we note that it is
simple to translate these equations to real coordinates by using the complex structure. We
simply take the holomorphic derivative to the exterior derivative ∂f → df when no factors
of i are present and similarly i∂f → Jmn∂nfdxm. The integrability conditions for (2.13)
are quite complicated, and we have not done a full analysis. However, in certain cases, such
as α → 0, pi/2 or β → 0, pi/2, the integrability conditions (and scalar relations) simplify
considerably. The only new condition introduced in any of those cases is that ∂φ∧∂C = 0.
In section 3, we will discuss a class of solutions in which we can integrate (2.13) explicitly.
There are numerous algebraic and differential relations for the 3-forms and SU(3)
structure. We start by defining the (3, 0) form of the structure,
Ωmnp = χ
Tγmnpχ . (2.15)
Then it is straightforward to see
HmnpΩ
mnp = F˜mnpΩ
mnp = 0 (2.16)
and the conjugate equations, so there are no (3, 0) or (0, 3) components of the fluxes. There
are also the following relations for the fluxes:
(cosα cos βδnm − sinβJmn) ∂nφ+ (cosα sinβδnm + cos βJmn) eφ∂nC =
1
4
sinαeφF˜mnpJ
np
(2.17)
(cosα sinβδnm + cos βJm
n) ∂nφ− (cosα cos βδnm − sinβJmn) eφ∂nC =
1
4
sinαHmnpJ
np
(2.18)
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and
−1
4
(
sinβH − cos βeφF˜
)
mnp
Jnp = ∂mα (2.19)
−1
4
cosα
(
cos βH + sinβeφF˜
)
mnp
Jnp = sinα
(
∂mβ+
1
2
eφ∂mC+
1
2
eφ−4A∂nhJm
n
)
. (2.20)
After a bit more work and application of equation (A.7),
0 =
[
2 sinαeφ−4Agm[n∂p]h+ cosα
(
cos βH + sinβeφF˜
)
mnp
+
+ i
(
sinβH − cos βeφF˜
)
mnp
] (
δnq + iJq
n
)
(δpr + iJr
p) . (2.21)
In the type B, α = 0, ansatz, this equation requires that G = F˜ − ie−φH is (1, 2) only.
This is opposite the usual convention for choice of complex coordinates.
The other relations are differential in the complex structure and (3, 0) form (here T is
the torsion part of the 3-forms, as defined in equation (2.12)):
dJ =
(
2dA− cosαeφ−4Adh+ 2 cos(2β)dφ + 2 sin(2β)eφdC
)
∧ J +
+ ?
[
T − 2 cosα
(
sin(2β)dφ − cos(2β)eφdC
)
∧ J
]
, (2.22)
∇nJmn =
(
4∂nA− 2 cosαeφ−4A∂nh+ 2 cos(2β)∂nφ+ 2 sin(2β)eφ∂nC
)
Jm
n +
+2 cosα
(
sin(2β)∂mφ− cos(2β)eφ∂mC
)
, (2.23)
dΩ =
[
3dA− 3
2
cosαeφ−4Adh+ i cosα
(
dβ +
1
2
eφdC
)
+
+ 2 cos(2β)dφ + 2 sin(2β)eφdC
]
∧Ω . (2.24)
There is no separate equation for d ?6 Ω because Ω satisfies a self-duality relation in the
internal space. Note that it is often possible to integrate the dh terms, in which case the
dA, dh terms both can be interpreted as due to rescaling the six dimensional metric.
2.4 Other concerns
The relations described in section 2.3, while containing information about the supersym-
metry of a particular string vacuum, do not suffice to specify the solution entirely. It is
also necessary to apply the Bianchi identities for the field strengths and to check that the
solution satisfies the equations of motion. The necessary Bianchi identities are
dH = 0 , dF3 = 0 or dF˜3 = −dC ∧H
dF˜5 = H3 ∧ F3 . (2.25)
Note that the 5-form Bianchi identity is also an equation of motion due to the self-duality
of the 5-form.
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The reason we should also check the equations of motion is that not all the equations of
motion are necessarily contained in the commutators of the supersymmetry variations. This
issue was discussed in [6] for the case of M-theory. However, in IIB supergravity, [32] was
able to derive all the equations of motion by using the supersymmetry algebra. It seems,
therefore, that because the 5-form Bianchi is also an equation of motion, supersymmetry
of a type IIB background, along with the Bianchi identities, may imply that it solves the
equations of motion.
3. Radial flow
In this section, we integrate the scalar relations (2.13) in a case that should be relevant
for renormalization group flows in string-gauge dualities as well as for supersymmetric
brane bound states. Specifically, we consider the case that all the scalars depend only
on a single (real) dimension, such as a radial direction. This ansatz could be useful for
finding supergravity solutions relating the supergravity backgrounds of [37] and [38], for
example, as both are N = 1 backgrounds with SU(3) structure (see [39] and [19, 20] for
supersymmetry analysis, respectively).
Once we specify that the scalars depend only on a single direction r, we can sepa-
rate (2.13) into real and imaginary parts by factoring out ∂r/∂z i. The eight equations
we have are more than enough to define all the scalars in terms of one of the angles α, β,
and in fact the extra equations are compatible with the following solutions. In determin-
ing the proportionality factors in the following, we assumed that as r → ∞, β → θ and
α→ pi/2− θ′ with θ, θ′ 6= 0, pi/2. We also took φ→ ln gs, C → 0, and A→ 0 as boundary
conditions; these are appropriate for the asymptotically flat region around a brane bound
state. However, it is possible to adjust the proportionality constants to allow for other
boundary conditions, as would be the case in string-gauge dualities. We have
cosα = sin θ′ cot θ tanβ
eφ = gs
sin(2θ)
sin(2β)
C =
tan θ
gs
(
1− sin
2 β
sin2 θ
)
e2A =
sin θ cot θ′
sinβ tanα
=
cos θ′ cos θ
sinα cosβ
h =
1
gs
cot2 θ′ sin θ′ cot2 α+ h0 (3.1)
with h0 some constant (which we can fix to zero by a gauge transformation).
This is an appropriate point to emphasize how the scalar relations (2.13) degenerate
in certain limits, which makes the integrated scalars (3.1) singular. The “renormalization”
necessary to interpret (3.1) in such a limit is discussed in detail in [26], where it was argued
that the proportionality constants (i.e., the angles θ, θ ′) can absorb zeros and infinities. As
an example, suppose that β(x) = pi/2 − ²z(x), where ² → 0 in the limit we consider. To
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renormalize (3.1), then let also θ = pi/2 − ². By being careful, we get the new relations
cosα = sin θ′z−1
eφ = gsz
−1 =
gs
sin θ′
cosα , C = 0
e2A =
cot θ′
tanα
, (3.2)
and h is the same as in (3.1). These results are in fact identical to those of [26], which
directly considered supersymmetry parameters with varying α and β = pi/2. Note, however,
that here we have seen that vanishing asymptotic C requires C to vanish everywhere, which
seems to restrict the varying C solutions of [26].
We see, therefore, how limits which turn off some variation of the supersymmetry
parameter are singular. In fact, this should be precisely true for the restriction of an SU(2)
structure to an SU(3) structure. This is one reason that it is useful to have a direct analysis
of the SU(3) structure case.
4. (p, q)5/D3 bound state
Now we will use the integrated scalars (3.1) above to derive the supergravity solution
corresponding to a bound state of (p, q)5-branes and D3-branes. This solution has been
obtained previously by a clever use of zero modes in the equations of motion [40] and
by application of dualities to known brane solutions [41, 42]. The equivalence of these
solutions was demonstated in [43]. After we have determined the solution explicitly, we
can compare to the asymptotically flat bound state solution of [41, 42].
We start by specifying the six dimensional metric. These six dimensions separate
into those parallel and transverse to the (p, q)5-brane. Since we are working with the flat
space solutions, the orthogonal directions should have an SO(4) symmetry for a single-
center solution. Similarly, the two directions parallel to the 5-brane but orthogonal to
the D3-branes (i.e., the directions of the 5-brane worldvolume field strength) should be
translationally invariant. Restricting a, b = 4, 5 along the 5-brane and m,n = 6 − 9
orthogonal, the metric becomes
ds26 = e
2B1 g˜abdx
adxb + e2B2δmndx
mdxn . (4.1)
Then all of the supergravity scalars, α, β, and the warp factors A, B1,2 depend only on the
radial direction r2 = δmnx
mxn. The complex structure can be calculated by wedging the
vielbein J = e4ˆ ∧ e5ˆ + e6ˆ ∧ e7ˆ + e8ˆ ∧ e9ˆ. (Hats denote tangent space indices.)
Because the 3-forms H,F have vanishing Bianchis (up to sources at the origin), their
integral over S3s concentric with the origin is independent of radius; we normalize as∮
S3
H = 2pΩS3 ,
∮
S3
F = 2qΩS3 , (4.2)
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where ΩS3 is the volume of a unit S
3.3 The allowed components are therefore
Hmnp = e
−2B2p²mnp
q∂qg , Fmnp = e
−2B2q²mnp
q∂qg , g =
1
r2
Hr45 = e
−2B1²45∂rg1 , Fr45 = e
−2B1²45∂rg2 . (4.3)
Consider (2.20). The m = r component along with the scalar relations (3.1) immedi-
ately give (dropping the integration constants by gauge choice)
g1 = −gs tan θg2 . (4.4)
Then the same component of (2.19) and (3.1) can be integrated to give
g1 =
sin θ
sin(2θ′)
cos(2α) , g2 = − cos θ
gs sin(2θ′)
cos(2α) . (4.5)
We can continue by considering (2.22). The component along the three angular direc-
tions vanishes on both sides, dJ by computation, and the right hand side by (3.1) and (4.4).
The component along the radius and two of the angles yields a differential equation for the
B2 warp factor; assuming asymptotic flatness gives
e2B2 =
sin2 θ
cos θ′ cos θ
sinα cos β
sin2 β
. (4.6)
The r45 component gives a differential equation for B1; however, this equation exhibits
the radius explicitly due to the appearance of the fluxes. To solve it, we need to know the
radial dependence of the angle β (and therefore all the other scalars).
This we find from the angular components of (2.19), (2.20). Because α depends only
on r, we find immediately from (2.19) that tan θ = qgs/p. Then we can integrate (2.20) to
find
sinβ =
r sin θ
[r2 + p cos θ cos θ′]1/2
. (4.7)
We can now integrate the equation for B1; coincidentally, the explicit r dependence now
can be reabsorbed into β, so
e2B1 =
cos θ
cos θ′
sinα
cosβ
. (4.8)
We can now write the radial dependence of all the scalars, warp factors, and fluxes.
The final thing to determine is the asymptotic angle θ ′. As discussed in section 2.4, we
should also have to apply the 5-form Bianchi identity to solve the equations of motion. As a
substitute, however, we will note that we want a brane bound state with n units of D3-brane
charge (using the same normalization as in equation (4.2)). Therefore, asymptotically,
where H ∧ F vanishes, we should have∮
T 2×S3
F˜5 = 2nΩS3VT 2 , (4.9)
3This normalization absorbs the 5-brane charge into p, q.
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where VT 2 is the volume of the torus wrapped by the 5-branes.
4 Using the self-duality of
the 5-form, this condition can be written as
e2B1e2B2e−4A∂rh =
2n
r3
, (4.10)
Comparing to the radial behavior of the scalars (4.7) then yields tan θ ′ = ngs/
√
p2 + q2g2s .
We can also check that the remaining constraints are satisfied. Indeed, (2.17), (2.18) are
just linear combinations of (2.19), (2.20) if we use (3.1). We will not explicitly discuss (2.21),
(2.23), (2.24), but they are straightforward, though slightly tedious, to check.
Finally, we note that we can compare our solution to that obtained by dualities in [41,
42] (with vanishing asymptotic RR scalar). That solution is written in terms of three warp
factors, H,H ′,H ′′ in the notation of [41, 42]. By comparing the radial dependence, it is
easy to see that
H = tan θ′ tanα , H ′ = tan2 θ cot2 β =
sin2 θ′
cos2 α
, H ′′ =
sin2 θ
sin2 β
. (4.11)
Then the solutions match exactly (up to sign conventions). While this bound state solution
has been obtained before, both from dualities and the equations of motion, it is worth noting
that our methods may be more easily generalized to geometries with less symmetry and
also to boundary conditions more appropriate for gauge-string theory dualities.
5. Summary
In this paper, we have presented constraints on solutions of type IIB supergravity with four
dimensional Poincare´ invariance and N = 1 supersymmetry based on an SU(3) structure.
The SU(3) structure is a limit of SU(2) structures which have been recently presented
in [27]; however, the limit is degenerate, so a direct analysis is desirable. Additionally,
SU(3) structures have nongeneric behavior among SU(2) structures; for example, all SU(3)
structures have an integrable complex structure.
In section 3, we presented a solution to the relations among the scalars in the case
that all the scalars depend only on a single (radial) direction. It is our hope that this
solution, with appropriately modified boundary conditions, will be useful in constructing
supergravity duals to renormalization group flows. We have used these results to derive
the supergravity solution for the (p, q)5/D3-brane bound state.
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A. Conventions and identities
In this paper, we work in string frame with usual string conventions for the field strengths
(see [34]). Note that the gravitino, dilatino, and supersymmetry parameter are redefined
in transforming from the Einstein frame. Indices M,N are for the full 10 dimensions, µ, ν
for the 4 Poincare´ invariant dimensions, and m,n for the internal dimensions. Hats denote
tangent space indices. We work in a signature in which timelike norms are negative.
Our differential form conventions are as follows:
²012···(d−1) = +
√−g for d dimensions
T[M1···Mp] =
1
p!
(
TM1···Mp ± permutations
)
(?T )M1···Md−p =
1
p!
²M1···Md−p
N1···NpTN1···Np
T =
1
p!
TM1···Mpdx
M1 · · · dxMp . (A.1)
Wedges and exterior derivatives are defined consistently with those conventions. We choose
?F˜5 = F˜5 for the self-duality of the 5-form.
Gamma matrices in tangent space have the algebra {ΓMˆ ,ΓNˆ} = 2ηMˆNˆ . With these
conventions, a Majorana basis is real and symmetric for spacelike indices and antisymmetric
for time. Gammas can be converted to coordinate indices with the vielbein. We define
ΓM1···Mp = Γ[M1 · · ·ΓMp]. The chirality is given by
Γ(1̂0) = Γ
0ˆ · · ·Γ9ˆ = 1
10!
²M1···M10Γ
M1···M10 . (A.2)
The gravitino and supersymmetry parameter have positive chirality; this choice agrees with
the 5-form self-duality above.
We can decompose the Γ matrices as
Γµ = γµ ⊗ 1 , Γm = γ(4ˆ) ⊗ γm (A.3)
with 4 and 6 dimensional chirality γ(4ˆ) = −iγ 0ˆ · · · γ3ˆ, γ(6ˆ) = iγ4ˆ · · · γ9ˆ. The γµ have the
same symmetry and reality properties as ΓM , while the γm are imaginary and antisym-
metric.
A number of γ identities are very useful. A comprehensive list of (anti)commutators
appears in [44], although there is at least one typographical error. It is necessary to replace
[γmnp, γ
rst] = 2γmnp
rst − 36δ[rs[mnγp]t] . (A.4)
Additionally,
γmnpq =
i
2
γ(6ˆ)γ
rs²mnpqrs , χ
†γmnpqrsχ = −i²mnpqrs (A.5)
for positive chirality χ.
The Fierz identities that we use come from expanding in terms of the complete set of
γ matrices. Specifically, we find
χχ† =
1
8
− i
16
Jmnγ
mn − i
16
Jmnγ
mnγ(6ˆ) +
1
8
γ(6ˆ) (A.6)
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for the normalized positive chirality spinor χ used in the text. This identity can be used
to show that Jm
nJn
p = −δpm and also that
6J[mnJpq] = ²mnpq
rsJrs . (A.7)
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